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Abstract 

We classify the SU (2)-invariant anti-self-dual metrics with a signature 
(-I-, -I-, —, —The metrics are specified by a solution of Painleve VI, V, III 
or II. Moreover we show the geometric meaning of the metrics specihed 
by each type of Painleve functions. 


1 Introduction 

The aim of this paper is to classify the anti-self-dual metrics in real dimension 
four admitting an isometric action of SU (2) with generically three-dimensional 
orbits. In this paper, we study not only the definite metrics, but also the 
indefinite metrics with a signature (-I-, -b, —, — 

Hitchin Q shows that the S'f7(2)-invariant anti-self-dual metric is generi¬ 
cally specified by a solution of Painleve VI with two complex parameters. He 
used the twistor correspondence 0 to associate the anti-self-dual equation and 
Painleve equation. On twistor space, the lifted action of SU{2) determines a 
pre-homogenious action of SU(2), and it determines a isomonodromic family of 
connections on CP^, and then we have Painleve equations. In this framework. 
Dancer |Q shows that the diagonal scalar-flat Kahler metric is specified by a 
solution of Painleve III with parameters (4,4,4 — 4). The author ^ shows that 
the 5't7(2)-invariant anti-self-dual hermitian metric is specified by a solution of 
Painleve III with one complex parameter. 

If the metric is definite, then the anti-self-dual equation reduce to either 
Painleve VI or III. On the other hand, we show that, if the metric has a a signa¬ 
ture (-b,-b, —, —then the anti-self-dual equation reduce to not only Painleve 
VI or III but also Painleve V or II. The difference of types of Painleve is due to 
the difference of reality on the twistor space. 

Painleve VI is shown to be deformation equations for a linear problem 



where Bi has four simple poles on CP^ Q. And Painleve II, III, IV, V are 
degenerated from Painleve VI: 
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This is the confluence diagram of poles of Bi , where the Roman numerals repre¬ 
sent the types of Painleve, and the parenthesized numbers represent the orders 
of poles of Bi- For example, Painleve V is shown to be deformation equations 
for a linear problem with one double and two simple poles. Due to the reality 
of twistor space, the poles of Bi makes two conjugate pairs. Therefore, the 
configuration of poles never becomes Painleve IV type. 

The multiple pole of Bi determines a hermitian structure or a structure of 
null surfaces, and this is the the geometric meaning of the metrics specified by 
each type of Painleve functions. 

Acknowledgements. The author would express his sincere gratitude to 
Professor Yousuke Ohyama, who intoroduced him to the subject, for enlighten¬ 
ing discussions. 


2 The Diagonal Anti-self-dual Equations 


In this section, we review the anti-self-dual equations on the S't/(2)-invariant 
diagonal metrics. 

The 5't7(2)-invariant diagonal metric is written in the following form: 


g = W1W2W3 dt^ -\- 


W2W3 

Wi 


-k 


W 3 W 1 

W 2 


W 1 W 2 

W3 


( 1 ) 


wi , W 2 and W 3 are functions of t, and cti , (T 2 , ca are left invariant one-forms on 
each S't7(2)-orbit satisfying 

dai = CT2 A tTa, da2 = as A ai, das = ai A a2- (2) 

Tod 1^ showed that the anti-self-dual equations on the S't7(2)-invariant diag¬ 
onal metric are given by the following system: 


wi = —W2W3 + wi {a2 + as) , 
W2 = —wswi + W2 {as + ai), 
ws = —W1W2 + ws {ai -k a2 ), 
di = —a2as + ai (02 + as) , 
02 = — 0:30:1 -k 02 (03 + Oi) , 
03 = — O1O2 -k 03 (oi + 02) , 


where 01 , 02,03 are auxiliary functions and the dots denote differentiation with 
respect to t. The anti-self-dual equation (||) has a first integral 

^ _ oi(wi - wg) -k 02 (wi - wl) + as{wl - wl) 

8(ol — 02)(02 — 03 )(o 3 — Ol) 
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Furthermore, if we set 


ot2 — cai 
a;2 — 0:3’ 

W2(ai — a2)(w2(wf — w§) + 2V^wiW3(ai — as)) 
w\{w2 — wl)ai + — wf)a2 + w^{w\ — w|)a3 ’ 


then the system generically reduces to a family of Painleve VI with special 
parameters 


(a,/3,7,(5) 


2 ’’’ 2 J ' 


We will review the Painleve equations in the appendix. 


3 The Non-diagonal Anti-self-dual Equations 


We can write a 5C/(2)-invariant metric in the form 

3 

ff = f(T)dT^+ ^ him{T)aiam- 

l^m —1 


Using the Killing form, we can diagonalize the metric g on each S't7(2)-orbit. 
Then we can express the metric as follows: 

g — iphc) dt -j- a dcr^ b c dg, 

for some t = t^r), a = a{t), b = b(t), c = c{t) and 



= R{t) 



where R{t) is 5'0(3)-valued function. 
Since RR~^ S so(3), we can write 


d 


<5-2 

<73 


( 0-2 A 0-3 \ / \ 

(73 A tTi 1 + i? dt A j CT 2 I 

0-2 A tT 2 / V ^3 / 

/ (72 A (73 \ / 0 6 -6 \ / \ 

(73 A (7i + -^3 0 fl dt A 0-2 , 

\ <7i A (72 / \ 6 -Cl 0 / \ ^3 / 


for some Ci = Ci(t), 6 = ^ 2 {t), Cs = C 3 (t)- 

If Cl = 0, C 2 = 0, Cs = 0, then the matrix (him) can be chosen to be diagonal 
for all T, and then we say that g is a diagonal metric. 

In the following, we mainly study the non-diagonal case. 

We set ici = be, W 2 = ca, W 3 = ab and determine ai, a 2 , 0:3 by 


wi = —'W 2 W 3 + Wi{a 2 + a 3 ), 

11)2 =—W 3 'Wi + W 2 {a 3 + ai), (4) 

11)3 = —W 1 W 2 + 'W3{ai -I- a2). 
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Then the anti-self-dual equations are as follows 

di = -a-ia-i + 01(02 + 03) -I- ^(^2 — 

+ \iwl - -h 

+ ^('^2 ~ '*^i)( 3 wi -I- W2) 
02 = —O3O1 -I- 02(03 -I- Ol) -I- ^(Wg — w\Y 


+ - wl){iwl+wl) 


Cl 


+ ^('^3 ~ w\){iW2 + wl) 


W2Wz 

W1W2) 

{—') 

\w3w1j 

C3 


W1W2 
Cl 


dg = —O1O2 + 03(01 -I- 02) -I- — ^2)^ 


+ -^{^1 - wDi^wl+wj) 


W2W3 

C3 


+ - wl){ 3 wl + wl) 


(—) 

\W1W2J 

Cl 


W2W3 

C2 


W3WI 


( 5 ) 


and 


2 2n Cl 


iw 2 -W 3 ) — 


C2 C3 


dt \W2W3 J W3W1W1W2 
Cl 


/r)22i 22, 2 2i 

[ — 2W2W^ + W^Wi + W1W2) 


-\ -(o2li’2 ~ a 3 ll '3 + 3 a 2 Wo -|- SogWo), 

W2W3 




(Ws - Wi) 


(Wl - W2) 


dt \W3W1 J W1W2 W2W3 

C2 


/o22i 22, 2 2\ 

[ — ZW^Wi + W1W2 + W2W^) 


-\ -(03W3 — oiiet -I- Sogwt -I- Soiie,)) 

W3W1 


( C3 ^ _ Cl C2 


dt \W1W2 J W1W3 W3W1 

C3 


/o22i 22, 2 2\ 

{ — ZW1W2 + 11 ' 2'^3 + '*^3^1) 


-I-(oiwf — 02 ie 2 + SoiWn + 3 o 2 ie 7 ). 

WIW2 


( 6 ) 


Remark 3.1 //Ci = 0, ^2 = 0 and Cs = 0 then the system of equations (i. 
(H) and (^ reduces to a sixth-order system given by Tod . Furthermore, 
i/Ol = uii,a2 = W2,Oi3 = W3 then (§),®,^) reduce to a third-order system 
which determines Atiyah-Hitchin family ||j, and if ol\ = 0 , 02 = 0 , og = 0 then 
the system reduces to a third-order system which determines BGPP family Q. 


Remark 3.2 If W2 = W3, then we can set Ci = 0 ) C2 = 0 O'^d f.3 = 0 by 
taking another flame. This is also a diagonal case. Therefore we assume {w2 — 
W 3 ){W 3 - 'wi)iwi - W2) ^ 0 . 
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4 The Isomonodromic Deformations 


Let (M, g) be an oriented Riemannian four manifold. We define a manifold 
Z to be the unit sphere bundle in the bundle of self-dual two-forms, and let 
TT : Z ^ M denote the projection. Each point z in the fiber over 7r(z) defines 
a complex structure on the tangent space compatible with the metric 

and its orientation. 

Using the Levi-Civita connection, we can split the tangent space into 
horizontal and vertical spaces, and the projection tt identifies the horizontal 
space with This space has a complex structure defined by z and the 

vertical space is the tangent space of the fiber = CP^ which has its natural 
complex structure. 

The almost complex structure on Z is integrable if and only if the metric 
is anti-self-dual EE- In this situation Z is called the twistor space of (M, g) 
and the fibers are called the real twistor lines. 

The almost complex structure on Z can be determined by the following 
(1, 0)-forms: 


01 =z{e^ + - (e° -|- v^^e^), 

02 =z(e° - + (e^ - v^^e^), 

03 =dz + -z^(w3 — CU2 + — W3)) 

— ~ ‘^1) + 2 ^'^! ~ ‘^2 ~ V—1(1^1 — ^3)), 

where {e°, e^, e^, e^} is an orthonormal flame, and w* are the connection forms 
determined by de* -I- w® A =0 and ajj+oj^ = 0 . Then the anti-self-dual 
condition is 

d 0 i = 0 , d02 = 0 , d03 = 0 (mod 01,02, 03). ( 8 ) 


Theorem 4.1 If the metric is positive definite, then the Pfaffian is invari¬ 
ant under conjugate action and l/z|^. If the metric has a signature 

(-I-, -|-, —, — ), then the Pfaffian is invariant under conjugate action and z —>■ z. 


If the metric is SU{ 2 ) invariant, we can write 



where vi = vi{z,t), V2 = V2{z,t), V3 = V3{z,t)-, A = {aij{z,t))^^.^^ 2.,3- 

If det^ = 0 , then metric turns to be diagonal, and the metric is in the BGPP 
family §. 

If det^ ^ 0 , then we can write 


CTi 

<J2 

^3 


= -^-1 




V2 

V3 



mod 01, 02, 03- 


( 10 ) 
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If we set 



then 

( Si \ / S2 A S3 \ 

S 2 = ( S 3 A Si , mod 01 , 02 , 03 - (12) 

S 3 / V Si A S 2 / 

Since si, S2, S3 are one-forms on (z, t)—plane, the congruency equation ( p^ turns 
to be a plain equation: 


d 


Si ) 

i J 

f S2 A S3 

S 2 

= 

S3 A Si 

S 3 ) 

1 ' 

( Si A S2 


(13) 


If the metric is positive definite, then si,S2,S3 are invariant under conjugate 

And if the metric has a signature 


— 1/z by theorem 4.1 


action and z 

(-I-,-b, —, —), then si,S2,S3 are invariant under conjugate action and z 


If we set 

^ J_ / v^si -S3 -b V^S2 \ 

V 2 V + V^S2 -v^si ) 

=: — Bidz — B2 dt, 

then 


( 14 ) 

(15) 


dS-bSAS = 0. (16) 

This is the isomonodromy condition for the the following linear problem Q 


dz 


-Bi 


2/1 

2/2 


= 0 . 


(17) 


Lemma 4.2 The components of Bi are rational functions of z, 


Bi 


m 

G{zy 


where F{z) is degree 2 and G(z) is degree 4. If the metric is positive definite, 
then Bi —> —*i?i under conjugate action and z ^ —1/z. And if the metric has 
a signature (-b, -b, —, —), then Bi —> —*Bi under conjugate action and z —>■ z. 


For this lemma, generically Bi has four simple poles. In this case, the deforma¬ 
tion equation of ( p^ ) is Painleve VI. 

Theorem 4.3 The anti-self-dual equations on SU( 2 )-invariant metrics gener¬ 
ically reduce to Painleve VI. 
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The idea of Hitchin Q] is that the lifted action of SU(2) on the twistor 
space Z gives a homomorphism of vector bundles a : Z x su(2)'^ TZ, and 
the inverse of a gives a flat meromorphic SL(2, C)-connection, which determine 
isomonodromic deformations. Since one-forms 0 i, 02,03 on Z can be consid¬ 
ered as are infinitesimal variations, we can identify E with a~^ 


First, we review the positive definite metric. By lemma ^ the poles of Bi 
make antipodal pairs Co,—1 /Coj and Ci,—1/Ci on CP^. 

Therefore, we have two types of configuration of poles of Bi : 

(a) Bi has four simple poles Co, Co, Ci, Ci on C \ M. 


B, = 


An 


-*An 


A, 


2 — Co z + 1/Co 2 — Cl ^ + 1/Cl 

The deformation equation is Painleve VI with parameters, 
(a,/3,7,<5) = f i(0o - l)^ i(l + 0i') 


^2^ / , 2 
where 0q = 2trkl§, df = 2trAf. 

(b) Bi has two double poles C, C on C \ R. 

A2 V^C -V^C 


Bi = 




{z-cr z-c z + i/c {z + i/cy 


where C = —*C. The deformation equation is Painleve III with parame¬ 
ters, 

(a,/3,7,(5) = (40,4(1-b0), 4,-4) , 
where 0 ^ = 2 (tr(A 3 C'))^/trC'^. 

Theorem 4.4 If the metric is positive definite, the anti-self-dual equations re¬ 
duce to the following two Painleve equations: 

(a) A family of Painleve VI with two complex parameters, 

(«, A 7, ^) = (i(0o - l)^ Vo',, i(l + 0?) 

(b) A family of Painleve III with one complex parameter, 

(a,/3,7,<5) = (40,4(1-b0), 4,-4) . 

Remark 4.5 Hitchin shows the anti-self-dual equations reduce to Painleve VI 
with the parameters above ([|^,P.50 (14)). Dancer Q shows the scalar-flat 
diagonal Kdhler metric is specified by a solution of Painleve III with parameters 
{a,P,j,S) = (4,4,4,—4). Now, theorem |4.4| (b) is a generalization of Dancer’s 
result. 

From now on, we will classify the anti-self-dual metrics with a signature (-I-, 
-b, —, —). By lemma 4.2 the poles of Bi make conjugate pairs Co, Co, and Ci, Ci 
in CP^. Therefore we have five types of metrics corresponding to configuration 
of poles of Bi- 
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Theorem 4.6 If the metric has a signature the anti-self-dual 

equations reduce to the following five Painleve equations: 

(a) Painleve VI with two complex parameters 


(«, A7,- l)^ ^(1 + , 

(b) Painleve V with one real and one complex parameters 

(a, f3,j,S)= ^-(00 + ^0 + ^oo)^, — 2 (^0 + ^0 ~ ^oo)^j 1 ~ 2 ^ ’ 

where 9^ G R. 

(c) Painleve III with one complex parameter 

(a,/3,7,(5) = (40,4(1 + 0), 4,-4) . 

(d) Painleve III with with two real parameters 

(a,/?, 7, (5) = (401,4(1+ 02), 4,-4). 

(e) Painleve II with one real parameter a. 

Proof. 

Since the poles of Bi make conjugate pairs Co, Co and Ci; Ci j have five types 
of configuration of poles of Bi. In each case, we can calculate local exponents 
at singularities. These local exponents corresponding to parameters of Painleve 
equations (see |^). 

(a) Generically, Bi has four simple poles Coi Coi Ci; Ci on C \ M. 

p _ ^0 . , 4li —*'Ai 

Z - Co 2 : - Co 2 : - Cl 2 - Cl 
The deformation equations are Painleve VI with parameters, 

(«,= (^(00 - l )^ ^(1 + , 

where 0o = 2tr^oj ^1 = 2trAf. 

(b) If Co = ^(= v), then Bi has two simple poles Ci? Ci on C \ K, and one 
double pole 7 on R. 

_ C —A 2 + *^2 A 2 — 

Bi — - -3 H-1-— H- 

{z-p) 2-77 z-Ci 2 -Cl 

where C = —*C. The deformation equation is Painleve V with parameters, 
(a, f 3 , j , S )= ^-(00 + ^0 + ^00)^, — 2 (^0 + ^0 ~ ^00)^, 1 — ^0 + ^Oj 2 ^ ’ 
where 9q = 2 trA^, 0^ = 2 (tr [A 2 — ‘^ 2 ) C)^ . 










(c) If Co = Ci(= Oj then Bi has two double poles C, C on C \ M. 

^3 V^C -V^C 

' (^-C)2 ^-C ^-C 

where C = —*C. The deformation equation is Painleve III with parame¬ 
ters, 

(a,/3,7,(5) = (46»,4(I-P0),4,-4) , 
where 0 '^ = 2 (tr^ 3 C')^/trC'^. 

(d) If Co = Co(= Vo), Cl = Ci(= Vi), then Bi has two double poles rjo, ryi on R. 

Cl C2 -C2 C3 

^ (z-Vo)^ z-Vo z-rii (z-?7i)2’ 

where Ci = —*Ci {i = 1,2,3). The deformation equation is Painleve III 
with parameters. 


(a,/?, 7 , <5) = (401,4(1+ 02), 4,-4), 


where 0i = 2 (trC'iC 2 )^/trC|, 0| = 2 (trC 2 C 3 )^/trC'|. 

(e) If Co = Co = Cl = Ci(= v), then Bi has one quadruple pole rj on 

Cl , C2 , C3 


Bi = 


(z-v) {z-vif {z-mY 


where Ci = —^Ci {i = 1, 2, 3). If detCi Y 0, then the deformation equation 
is Painleve II with a parameter. 


« = ^(1 + trC'2C'3). 

If detCi = 0, then the deformation equation is Painleve I, but since Ci = 
—‘Cl, this never occurs. I 


5 Hermitian Structure and Null Surfaces 

In this section we will consider the geometric meaning of the metrics corre¬ 
sponding with each type of Painleve functions. 

Lemma 5.1 Let g be a anti-self-dual metric. If Bi has a multiple pole, then the 
Pfaffian 0i|z=<;(q, 02|z=c(t) *5 integrable. Conversely, if the Pfaffian 0i|z=c(i)> 
02 |z=c(t) is integrable for some z = C{t), then Bi has a multiple pole on z = fit). 

Proof. 

If z = fit) is a multiple zero of G(z), then and dC\z=(;(t) must be 

vanish. Furthermore, 03 = 0 (mod 0i, 02, G, dC). Therefore, the Pfaffian 
0 iU=C(t), 02 U=c(t) is integrable. 

Conversely, if the Pfaffian 0i|z=^(t), 02|z=c(t) is integrable for some z = 
f{t), then 03 | 2 ^^(() = 0 (mod0i,02). Therefore the denominator G of Bi has 
zero on z = f{t). Furthermore, 03 |z=,^(t) = 0 (mod0i,02,G) is equivalent to 
dC\z=(;(t) = 0, therefore z = f{t) is a double pole of i?i. I 
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In 1 ^ we show that if a positive definite SU(2) invariant anti-self-dual metric 
is corresponding with Painleve III with one complex parameter (40, 4(1 + 9), 
4, —4), then the Pfaffian 0i|z=^(t), 02U=c(t) {z = C{t) is a double pole of Bi) 
determines a SU{2) invariant hermitian structure. 

In the same way, we have the following theorem for the metric with a signa¬ 
ture . 

Theorem 5.2 If the anti-self-dual equations reduce to Painleve III with one 
complex parameter (40, 4(1 -f 0), 4, —4), then there exists a SU(2) -invariant 
hermitian structure. Conversely, if there exists a SU(2) -invariant hermitian 
structure, then the anti-self-dual equations reduce to Painleve III with parame¬ 
ters above. 

Definition 5.3 If g{X,X) = 0, then X G TM is said to be a null direction. 

The Pfaffian 0i|z=r)(t): 02|z=r;(t)(^(O G ®.) determines two dimensional null 
directions on TM. 


Definition 5.4 Let N be a two dimensional subspace of M. If g{X,X) = 0 for 
any X G TN, then N is called a null surface. 


From lemma 5.1, if z = /^(t) G K. is a multiple pole of Bi, then the Pfaffian 
01 \z—r]{t) ; 02|2=r)(t) is integrable, and then for any x G M there exists a SU{2)- 
invariant null surface passing through x. Conversely, for any x G M, if there 
exists a 5't/(2)-invariant null surface passing through x, then the null surface is 
represented by Pfaffian 0i|z=^(t), 02|z=,)(t) for some r]{t) G K, and then z = r]{t) 
is a multiple pole of Bi 


Theorem 5.5 If the anti-self-dual equations reduce to Painleve V with one real 
and one complex parameters (|(0o + 0o + fi*oo)^, —\{So-\-9q — 9ooY, 1 —0o + ^Oj ^), 
where 0oo G M, or Painleve II with one real parameter a, then for any x G M 
there exists one SU(2)-invariant null surface passing through x. Conversely, 
for any x G M there exists one SU{2)-invariant null surface passing through x, 
then the anti-self-dual reduce to Painleve V or II with parameters above. 

If the anti-self-dual equations reduce to Painleve III with two real parameters 
( 401 , 4(1 — 02 ), 4 , — 4 ), then for any x G M there exist two SU(2)-invariant 
null surfaces passing through x. Conversely, for any x G M there exist two 
SU(2)-invariant null surfaces passing through x, then the anti-self-dual reduce 
to Painleve III with parameters above. 


6 Summary 

We classified the SU (2)-invariant anti-self-dual metric with a signature (-I-, -I-, —, —) 
into the five cases (a)-(e) (theorem |4.6| ). The meaning of the types of Painleve 
equations are as follows: 

1. Generically, the anti-self-dual metric are specified by a solution of Painleve 
VI with two complex parameters. 
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2. If the anti-self-dual metric is specified by a solution of Painleve III with 
two complex parameters, then there exist a 5'17(2)-invariant hermitian 
structure. 

3. If the anti-self-dual metric is specified by a solution of Painleve V with one 
real and two complex parameters, or Painleve II with one real parameter, 
then for any x G M there exists one real null surface passing through x. 

4. If the anti-self-dual metric is specified by a solution of Painleve III with 
two real parameters, then for any x £ M there exist two real null surfaces 
passing through x. 


7 Appendix 

We review the Painleve equations, second order nonlinear differential equations 
without moving critical points. We list six equations classified by Painleve and 
Gambler, where a, (3,^,6 are parameters Q. 


1. Painleve I 


2. Painleve II 


3. Painleve III 


. 2 , 

5^5 = ®" 


d'^q „ Q 

= 2q^ + xq + a. 


d^q 1 f dq\ 1 dq I, 2 


^2- >7 --i + -(«9^+/3)+79^ + -. 

dx‘^ q \dx J X dt X q 


4. Painleve IV 


d'^q I f dq\ 3, 2 2 \ P 

= + 2 ’ -»)2 + y 


5. Painleve V 


A 


I \ f dq\ Idq {q-If f /3\ -fq 6q{q + 1) 

'aq+-]-\ -H--—. 

qj X q-1 


dx'^ \2q q — 1J \dx J x dx 
6. Painleve VI 

d'^q 1 fl 1 1 




dx"^ 2 \q q — 4 q — xJ \dxJ \x x — 1 q — xJ dx 


I \ dq 


-f 


q{q- l){q-x) 
{x — I)^ 


a + f3-+-f 


a; — 1 a; (a; — I) 


(g-1) {q-xY 
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